1. Introduction. Let D be a simply connected region with an analytic boundary C. Assume that 2=0 is an interior point while z=l lies on the boundary. We assume further that the tangent to C at z==l is not parallel to the real axis. In this case, we shall be able to fit into D small angles Γ placed symmetrically about the real axis and with vertex at z==l. These angles will be of the form -δ<LΘ<Lδ or π-δ<LΘ<^π + δ, <5>0, depending upon the location of z=1. For a given f(z) regular in D, we consider the following limits defined recursively α o = lim f(z) (1) Ox-Kmfc-lΠ/W-αJ α 2 = lim (z-i
If each limit in (1) exists and is independent of the manner in which z->l through values in some angle Γ, then f(z) is said to possess an asymptotic expansion at z=l in the sense of Poincare, and this is indicated by writing
We shall designate by A(=A(D)) the linear class of functions which are regular in D and which possess asymptotic expansions at 2=1 in the sense of Poincare. The angle Γ in which (1) is valid may depend upon the particular f e A selected.
Uniqueness theory is concerned with distinguishing nontrivial subclasses of A within which the expansion Σα Λ (s-l) n determines the corresponding function uniquely. Write for the remainder When D is the unit circle, T. Carleman [2] has given necessary and sufficient conditions on {mj in order that the resulting subclass A(m n ) be a uniqueness class. At the same time Carleman raises the problem of giving necessary and sufficient conditions in the case of a more general region D. This problem (with the norm (6)) has been known in the literature at the generalized problem of Watson. It has been treated by Mandelbrojt and MacLane [3] using the theory of distortion in conformal mapping. See also Meili [4] . In the present paper, we adopt the norm (7) and show how it is possible to combine Carleman's idea of introducing an appropriate minimum problem with the techniques afforded by the theory of conformal kernel functions to arrive at a solution to this general problem. The class A(m n ) will henceforth refer to the norm (7). Thus the question which we are treating may be worded as follows: What are necessary and sufficient conditions on the sequence of constants {m n } in order that holding uniformly and absolutely in the interior of C r . The coefficients a n are given by
Hence, for r* <V, we have from (9) and (10),
This equation tells us that
is an increasing function of r* and hence 
is not a uniqueness class, there will exist two functions g(z), y(z)e A{m n ), gφh, possessing the same asymptotic expansion, say Σα B (z-1)", and satisfying (14) ί.
with kι<Lk 2 . Therefore, by Minkowski's inequality,
ί. 
in (18), and using (13) (20), (21), and
We are now ready to consider the limit of (23) 
If s->l through some angle Γ: -δ<gθ<Lδ or π -δ <L,Θ <L π + δ, then, since a(l)^πj2 9 3π /2, it follows from the above that for δ sufficiently small, the expression (26) will be bounded away from 0. In view of (24) 
Thus, for 2n-2j-l>l it is now clear from (28) and (27) that
For each j considered we need only use an n^>j + l. This completes the proof of the lemma.
3 The uniqueness theorem.
THEOREM. Given an arbitrary sequence of positive constants m n . The class A{m n ) is a uniqueness class for asymptotic expansions at z=l if and only if for all
Here dldn designates normal differentiation in the positive sense. The above statement is equivalent to saying that A{m n ) is not a uniqueness class if and only if there exists a £>>0 and a iΓ>0 such that (30) \ogMz)\d8<K, =0, 1, 2, ΐΓ may depend upon ί, but is independent of n.
In view of the lemma of the preceding section, we shall prove that (30) is a necessary and sufficient condition for the existence of an f(z) φθ, and M, and a k which satisfy (13).
Consider the following sequence of integrals We shall show below how a p n (z) may be constructed which has these properties and has, in addition, the property that
Let n be fixed, and consider the following minimum problem P n . Determine that function f(z) regular in D with /(0) = l and such that
This problem can be solved by passing to a related problem P n f . Determine that function g(z) regular in D with g(0)=l and such that
The solution of the problem P' n is given by the function (see, for ex-
where 
Σ ml
In particular, taking the first term of (47) 
g(z 9 w)=\og . -m(z)m(w) with z==0 in (56), we obtain the stated condition (29).
4 Concluding remarks. Norms other than (6) might be contemplated. In particular, we might have used However (60) has the disadvantage that the solution of the corresponding minimum problem P n can not be so elegantly expressed in terms of an analytic function p n (z) and so the role of the sequence {m n } is not immediately evident as with (29).
